both the theoretical analysis and numerical results show that a numerical slip on the boundary would be caused in the BGK model, and cannot be eliminated unless the relaxation parameter is fixed to be a special value, while the numerical slip in the MRT model can be overcome once the relaxation parameters satisfy some constrains. The results in terms of stability also demonstrate that the MRT model could be more stable than the BGK model through tuning the free relaxation parameters.
Introduction
In the past decades, the lattice Boltzmann (LB) method, as a numerical approach originated from the lattice gas automata or developed from the simplified kinetic models, has gained great success in the simulation of the complex flows [1] [2] [3] [4] , and has also been extended to solve some partial differential equations, including the diffusion equation [5, 6] , wave equation [7] , Burgers equation [8] , Poisson equation [9] , isotropic and anisotropic convection-diffusion equations (CDEs) . However, most of these available works related to CDEs mainly focused on the linear CDE for its important role in the study of the heat and mass transfer . Recently, through constructing a proper equilibrium distribution function, Shi and Guo [35] proposed a single-relaxation-time (SRT) LB model or the Bhatnagar-GrossKrook (BGK) model for nonlinear convection-diffusion equations (NCDEs) where a nonlinear convection and/or diffusion term is included. Although the model has a second-order convergence rate in space [35, 36] , and can also be considered as an extension to some available works, it still has some limitations. The first is that when the BGK model is used to solve the NCDEs where the diffusion coefficient is very small, the relaxation parameter would be close to its limit value, thus the model may suffer from the stability or accuracy problem [22, 32] . Secondly, the BGK model is usually limited to solve the nonlinear isotropic CDEs since it does not have sufficient relaxation parameters to describe the anisotropic diffusion process, while the multiplerelaxation-time (MRT) LB model with more relaxation parameters seems more suitable and more reasonable in solving NCDE with anisotropic diffusion process. And finally, it is also well known that in the BGK model, only a single relaxation process is used to characterize the collision effects, which means all modes relax to their equilibria with the same rate, while from a physical point of view, these rates corresponding to different modes should be different from each other during the collision process [4, 37] . To overcome these deficiencies inherent in the BGK model, in this work we will present a general MRT LB model for the nonlinear anisotropic CDE (NACDE), and show that, through the Chapman-Enskog analysis, the NACDE with a source term can be recovered correctly from the proposed model. Besides, it is also found that, similar to our previous BGK model [35, 36] , the present MRT model also has a second-order convergence rate in space, while it could be more stable and more accurate than the BGK model through tuning the relaxation parameters properly.
The rest of the paper is organized as follows. In section 2, a general MRT model for NACDE with a source term is first presented, and then some special cases and distinct characteristics of the present model are also discussed. In section 3, the accuracy and convergence rate of the MRT model are tested through some classic CDEs, followed by a comparison between the present MRT model and the BGK model, and finally, some conclusions are given in section 4.
Multiple-relaxation-time lattice Boltzmann model for nonlinear anisotropic convection-diffusion equations

Nonlinear anisotropic convection-diffusion equation
The n-dimensional (n-D) nonlinear anisotropic convection-diffusion equation with a source term can be written as
where φ is a scalar variable and is a function of time and space, ∇ is the gradient operator, K = K(φ, x, t) is the diffusion tensor. B(φ) and D(φ)
are two differential tensor functions with respect to φ, R(x, t) is the source term. It should be noted that Eq. (1) can be viewed as a general form of some important partial differential equations [32, 35, 36] , such as the convection-diffusion equation, and so on.
Multiple-relaxation-time lattice Boltzmann model
Generally, the models in the LB method can be classified into three kinds based on collision operator, i.e., the lattice BGK model [38, 39] , the two relaxation-time model [29, 40] , and the MRT model [37, 41] . In this work, we will focus on the MRT model for its superiority on the stability and accuracy both in the study of fluid flows [37, 42] and solving CDEs [22, 32] .
The MRT model with DnQq lattice (q is the number of discrete directions) [38] for the NACDE [Eq. (1)] is considered here, and the evolution equation of the model can be written as
where δt is time step,D k = θ∂ t + γc k · ∇ with θ and γ being two parameters to be determined in the following part. φ k (x, t) is the distribution function associated with the discrete velocity c k at position x and time t, φ (eq) k (x, t) is the equilibrium distribution function, and is defined as [35] 
where I is the unit matrix, d is a positive parameter related to the diffusion tensor K [see Eq. (26)], c k and ω k are discrete velocity and weight coefficient, and in different lattice models, they can be defined as D1Q3:
D2Q9: 
where c = δx/δt with δx representing lattice spacing, and usually it is not equal to 1, c
To recover the correct NACDE from present MRT model, the second-order differential tensor C in Eq. (3) should satisfy
M in Eq. (2) is a transformation matrix, and can be used to project the distribution function φ k and equilibrium distribution function φ (eq) k in the discrete velocity space onto macroscopic variables in the moment space through following relations [37, 43] ,
where
is the discrete source term, and is defined by
whereB is a differential tensor to be determined below.
In addition, to derive correct NACDE, i.e., Eq. (1), the following conditions also need to be satisfied,
(10b)
The Chapman-Enskog analysis
In this part, we will present the Chapman-Enskog analysis on how to derive the NACDE from the present MRT model. In the Chapman-Enskog analysis, the distribution function, the time and space derivatives, and the source term can be expressed as [22] 
where ǫ is small parameter. Substituting Eqs. (11) into Eq. (2) and using the Taylor expansion, we can obtain zero, first and second-order equations in ǫ,
If we rewrite Eqs. (12) in a vector form, and multiply M on both sides of them, we can obtain the corresponding equations in moment space,
and m (2) = MΦ (2) with
If we take the D2Q9 lattice model as an example, the transportation matrix M can be written as
2 ) is a diagonal matrix and M 0 is given by [37] 
Consequently, one can also obtain m (eq) from Eq. (8),
. For this lattice model, the relaxation matrix S can be defined as 
where the diagonal element s k is the relaxation parameter corresponding to correspond to the rotation of the principal axis of anisotropic diffusion [32] .
Besides, based on Eq. (14) , one can easily obtain the following equation,
and simultaneously, the evolution Eq. (2) can be rewritten as
Based on Eq. (13b), we can rewrite the first-order equations in ǫ, but here we present the first, fourth, and sixth ones since only these three equations are useful in the following process of obtaining NACDE,
If we introduce a matrix A and a vector m
35 , which are defined as
then Eqs. (20b) and (20c) can be rewritten in a vector form,
Similarly, we can also use Eq. (13c) to derive the second-order equations in ǫ, but only the first one corresponding to the conservative variable φ is presented,
Substituting Eq. (22) into Eq. (23), we have
with the aid of Eqs. (7) and (20a), we can rewrite Eq. (24) as
where the diffusion tensor K is given by
From above equation, it is clear that, for a fixed diffusion tensor, the parameter d can be used to adjust the relaxation parameters.
Through combining the results at t 1 and t 2 scales, i.e., Eqs. (20a) and (25),
we can recover the following NACDE,
To derive correct NACDE, the parameter θ and the tensorB should be set
We noted that although above analysis is only carried out for the twodimensional MRT model with D2Q9 lattice, it can be extended to threedimensional model without any substantial difficulties.
Now we give some remarks on the present model.
Remark I:
We first want to present some discussion on the diffusion tensor K. Actually, if the diffusion tensor K is taken by K = κI with κ being a constant or variable, the NACDE [Eq. (1)] would be reduced to the NCDE considered in the previous work [35] , and can still be solved in the framework of the BGK model. However, if K is a diagonal matrix or full matrix where the element κ ij is a function of space, the MRT model rather than BGK model should be adopted. We would also like to point out that for the special case where K is a diagonal matrix,
the relaxation matrix S and the matrix A are also diagonal matrices (s 35 = s 53 = 0), then the tensorB and the relation between the nonzero elements of K and relaxation parameters can be written in simple forms,
Remark II: Based on the choice of the parameter γ, two special schemes of the present model can be obtained. (2)], and thus we need to use the finite-difference method to compute the time derivative term ∂ t R k (x, t). Here for simplicity an explicit finitedifference scheme, i.e.,
Although a little larger memory cost would be caused for this scheme, the collision process can still be conducted locally.
Scheme B (γ = 1):B = B ′ . Under the present choice of the parameter γ, finite-difference schemes to calculate time and the space derivatives (∂ t + c k · ∇)R k , which is similar to the approach used in Scheme A, the collision process cannot be performed locally. To solve the problem, an implicit finitedifference scheme can be applied to compute
which not only can result in that the collision process can be implemented locally, but also cause the implementation of present model to be explicit.
Substituting Eq. (31) into the evolution equation, we can obtain
To avoid the implicitness, a new variable is introduced [44] ,
then one can rewrite evolution equation as
which is the same as the evolution appeared in Ref. [22] . Based on the Eqs. (10a) and (33), the variable φ in Scheme B can be calculated by
Here it should be noted that if the source term R is a function of φ, usually one needs to use some other methods to solve the algebraic equation (35) .
Remark III: We noted that there is still a limitation in the applications of above MRT model since it may be difficult or impossible to derive the function C analytically [see Eq. (7)]. Following the idea presented in the work [17] , however, one can solve the problem through adding a new source term G k in the evolution equation, i.e.,
where G k is defined as
and meanwhile, the equilibrium distribution function φ
which can be derived from Eq. (3) through setting C = 0. Through the Chapman-Enskog analysis, one can also find that Eq. (1) can be recovered correctly from Eq. (36) . In addition, we would also like to point out that if D = φI, the DnQ(2n) and DnQ(2n + 1) lattice models can also be used. [25, [31] [32] [33] [34] . We also note that the LB model proposed by Ginzburg [27] can be used to solve the CDEs with nonlinear convection and diffusion terms, but some additional assumptions have been adopted to recover the correct CDE, as pointed out in Ref. [35] .
Recently, Shi and Guo proposed a new BGK model for NCDE [35] , but the model is usually used to solve the isotropic NCDE, and cannot be directly applied to solve the NACDE. From above discussion, however, it is clear that the present MRT model can be viewed as a general LB model for the NACDE.
Numerical results and discussion
To test the accuracy and stability of present MRT model for NACDEs, some classic examples, including the isotropic convection-diffusion equation with a constant velocity, Burgers-Fisher equation, Buckley-Leverett equation, and anisotropic convection-diffusion equations, will be considered in this section. In our simulations, the following global relative error (GRE) defined by Eq. (39) is used to test the accuracy of the present MRT model,
where the subscripts a and n denote the analytical and numerical solutions.
The distribution function φ k is initialized by its equilibrium distribution func-
Unless otherwise stated, the parameter d appeared in the equilibrium distribution function is set to be 1.0, the Scheme B is adopted since the computation of the time derivative in Scheme A can be avoided, and meanwhile, the non-equilibrium extrapolation scheme [45] is adopted since it can be used to treat different boundary conditions and also has a second-order convergence rate in space. In addition, it should be noted that, besides the relaxation parameters (s 3 , s 35 , s 5 and s 53 ) related to diffusion tensor, the other relaxation parameters are simply taken as [22] 
Isotropic convection-diffusion equation with a constant velocity
We first consider a simple two-dimensional isotropic CDE with a constant velocity, which can be expressed as
where u x and u y are constants, and are set to be 0.1, κ is the diffusion coefficient. R is the source term, and is given by
Under the periodic boundary conditions adopted on the
and the following initial condition,
we can derive the analytical solution of the problem,
When the present MRT model is used to study this problem, the function simulations and computed the GREs under different lattice resolutions. As shown in Fig. 2 where lattice spacing is varied from L/500 to L/100 and numerical simulations are suspended at time T = 3.0, it is clear that present
MRT model has a second-order convergence rate in space.
The two-dimensional Burgers-Fisher equation
The two-dimensional Burgers-Fisher equation, as a special case of the NACDEs, can be written as [35, 46] 
where R = bφ(1 − φ δ ) is the source term, δ, a, b and diffusion coefficient κ are constants. Compared to the first problem considered above, the present problem is more complicated since it is nonperiodic and nonlinear, but we can still obtain its analytical solution under the proper initial and boundary conditions,
where A and ω are two parameters, and are defined by
Compared with the NACDE defined by Eq. (1), the function B(φ) should be given by
Based on Eq. (7), one can further derive the tensor C in Eq. (3),
The diffusion tensor K and tensor D can be simply determined as We note that this problem is nonperiodic and the boundary effect cannot be excluded, thus it can be used to test the convergence rate of the MRT model coupling with the non-equilibrium extrapolation scheme. To this end, we also carried out some simulations, and presented the GREs in Fig. 4 where the lattice spacing is ranged from L/900 to L/300 and simulations are suspended at time T = 1.0. As shown in this figure, the present MRT model coupling with non-equilibrium extrapolation scheme also has a second-order convergence rate in space. Besides, it is also found that the GREs at Pe=600 is less than those at Pe=120, this may be because the relaxation parameters (s 3 and s 5 ) corresponding to the case of Pe=600 are more close to 1, which usually give more accurate results.
The two-dimensional Buckley-Leverett equation
We also consider the two-dimensional Buckley-Leverett equation [36, 47, 
48]
with the following initial condition,
where κ is the diffusion coefficient. f (φ) and g(φ) are a function of φ, and are defined as
We note that, similar to the Burgers-Fisher equation considered previously, the Buckley-Leverett equation is also a special NACDE, but there is no analytical solution to this problem.
When the present MRT model is used to solve the problem, the evolution equation [Eq. (2)] can be written more simply since there is no source term included in the the Buckley-Leverett equation,
then from Eqs. (1) and (7), one can further determine the functions B, C, D and diffusion tensor K,
where the elements of the matrix C are given as in some previous studies [36, 47, 48] , which can also be used to conclude that the present MRT model is also accurate in solving the Buckley-Leverett equation.
Anisotropic convection-diffusion equation with constant velocity and diffusion tensor
We now consider the problem of the Gaussian hill with constant velocity and diffusion tensor, which is also a classic benchmark example and has also been used to validate LB models for anisotropic CDEs [27, 30, 32, 34] . The CDE for this problem can be written as
where u = (u x , u y ) ⊤ is a constant velocity, K is the constant diffusion tensor, and can be defined as
Under the proper initial and boundary conditions, one can also derive the analytical solution of the problem,
where x = (x, y) ⊤ , σ = σ 2 0 I + 2Kt, σ −1 is inverse matrix of σ, | det(σ)| is the absolute value of the determinant of σ.
Actually, there are two approaches that can be adopted to study the Gaussian hill problem. The first is that we directly use the MRT model to solve Eq. (58) with an anisotropic form, and set the functions B, C, and D
While in the second approach, we first need to write Eq. (58) in an isotropic form,
which is then solved by the MRT model. In addition, it should be noted that Eq. (62) can also be solved by the previous BGK model [35] . Based on Eq. (62), one can also find that the functions B and C should be the same as those appeared in Eq. (61), but the tensor D should be given by D = Kφ/κ with κ being a positive constant.
Similar to some previous works [32, 34] , we also considered the Gaussian hill problem in a bounded domain [−1, 1] × [−1, 1], and adopted the periodic boundary condition on all boundaries. In our simulations, σ 0 = 0.01 which is small enough to ensure that the periodic boundary condition adopted is reasonable and accurate at a finite time T , φ 0 = 2πσ 2 0 , u x = u y = 0.01, and the lattice size is 401 × 401. To test the capacity of the present MRT model in solving the anisotropic CDEs, the following three types of diffusion tensor are considered,
which are usually denoted as isotropic, diagonally anisotropic and fully anisotropic diffusion problems.
We conducted some simulations by using above two approaches, and pre- for the second approach, which illustrate that the present MRT model is accurate in studying these problems. Besides, the convergence rate of the MRT model for anisotropic CDEs is also investigated, and the results are shown in Fig. 11 where the lattice size is varied from 201 × 201 to 801 × 801.
From this figure, one can find that, similar to some available MRT models for anisotropic diffusion problems [32, 34] , the present MRT model also has a second-order convergence rate in space.
Anisotropic convection-diffusion equation with constant velocity and variable diffusion tensor
In this part, we will consider the following anisotropic CDE with a constant velocity u = (u x , u y ) ⊤ and a variable diffusion tensor K,
where R is the source term. We note that the problem is more complicated since the diffusion tensor K is a function of space x. For this reason, we cannot write Eq. (64) in an isotropic form, and thus the problem cannot be solved directly by the previous BGK model [35] . In this work, the diffusion tensor K is simply given by a diagonal matrix,
where κ is a constant, and is fixed to be 1.0 × 10 −3 . The source term R is defined as 
one can derive the exact solution of the problem, To show the convergence rate of the present MRT for such complicated also has a second-order convergence rate for this special problem.
A comparison between the MRT model and BGK model
As reported in some available works [4, 22, 30, 32, 34] , through tuning the relaxation parameters properly, the MRT model could be more accurate and more stable than the BGK model. To show the superiority of the MRT model over the BGK model, a comparison between two models is also conducted.
We first performed a comparison of accuracy between the BGK model and MRT model through adopting a simple problem defined in a physical region
, which can be described by the following CDE and boundary conditions,
where κ is a constant diffusion coefficient, u = (u x , u y ) ⊤ is a constant velocity with u y = 0, φ 0 and φ L are two constants, R = 2κ∆φ/L 2 is the source term with ∆φ = φ L − φ 0 . Under an assumption that the problem is steady and unidirectional, i.e., φ is only a function of y, we can derive analytical solution of the problem,
The reason for choosing this problem is that, following a similar procedure reported in Ref. [49] , one can readily derive the analytical solutions of the BGK model and MRT model (Scheme B with
with adopting the anti-bounce back boundary condition [22, 28, 50] ,
whereȳ j = (j − 1/2)/N with N representing the grid number used in y direction, φ s is numerical slip caused by the model adopted, and can be given by 
From above theoretical analysis, it is clear that the MRT model can be more accurate than the BGK model through tuning the free relaxation parameter s 1 . In addition, similar to the procedure used in above examples, the functions B, C and D, the diffusion tensor K, and the source term R i used in our model can also be determined,
To validate above analysis and confirm our statement, we also performed some simulations with different lattice resolutions and relaxation parameters anisotropic CDE is written in an isotropic form, see Eq. (62)] is adopted. In the following simulations, the diffusion tensor K is taken as 
where s can be varied in a proper range to ensure that the MRT model is stable, but for simplicity, only a special case s = 0.6 is considered. The other parameters used in simulations are the same as those appeared in section 3.4
except for time T = 5.0.
We first conducted simulations with κ = 10 −3 , and presented the results in give a stable solution (see Fig. 17 ), and the GRE is about 4.438×10 −2 . From above discussion, it is clear that, through tuning the relaxation parameters properly, the MRT could be more accurate and more stable than the BGK model. 
Conclusions
In this work, a general multiple-relaxation-time lattice Boltzmann model for nonlinear anisotropic convection-diffusion equations is proposed, and is then tested by some classic NACDEs, including the simple linear CDE, in the study of heat and mass transfer [2, 4] , multiphase flows and crystal growth based on phase-field models [15, 23, 51] .
